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Stokes flow through a single-screw extruder driven either by an axial pressure-gra-
dient, or by the rotation of the screw, or by a combination of both is analyzed. The ge-
ometry of the screw is chosen to resemble that encountered in the metering section of
a real-life industrial extruder. Working on the simplifying assumption of large helical
pitch, a perturbation analysis is performed in non-orthogonal helical coordinates, and
contributions to the velocity and pressure fields are computed up to second-order by fi-
nite element methods for unidirectional and two-dimensional Stokes flow. Velocity
fields are presented for different screw geometries, the axial flow rate is computed for
pressure- and rotation-driven flow, comparisons with simple models are made, and the
effect of the pitch on the trajectories of passively convected particles is demonstrated.
In the case of purely pressure-driven flow, the flow rate decreases, whereas in the case
of rotating flow the flow rate increases as the gap between the screw and the barrel is
reduced. � 2006 American Institute of Chemical Engineers AIChE J, 53: 69–77, 2007
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Introduction

Single- and twin-screw extruders are commonly used in
the manufacturing industry for a variety of purposes includ-
ing the fabrication of medical tubing, the sheathing of wires
and cables, and the production of medium- and low-density
thermoplastic foams.1 In a twin-screw extrusion assembly,
two screws are mounted side-by-side within the same barrel.
Single-screw extruders are standard equipment in the food
processing industry.2 In a conventional operation, solid mate-
rial most often in the form of small polymeric pellets, is fed
through a hopper onto a rotating screw that is mounted along
the axis of a long barrel, as illustrated in Figure 1. The solid
pellets enter the melting section, where they are heated,

melted, and then passed through into the metering zone.
Here, the melt is mixed prior to being ejected through the
die to form the final product. In extrusion foaming, it is de-
sirable to use a serial system in which material ejected from
one extruder is fed immediately into a second extruder.3

The study of extrusion flows is motivated by the desire to
improve efficiency and promote fluid mixing. The main
advantages of the single-screw extruder are a relatively sim-
ple design, ease of manufacture, and low production cost.
The screw itself is typically long and thin, with a length to
diameter ratio of about twenty. In some cases, the screw
pitch may vary in the streamwise direction, or else the screw
may taper along its length to become wider as it approaches
the die. The length of the metering section depends on the
nature of the material being extruded. Polymeric films and
fibers require long metering sections, whereas materials such
as UPVC or natural rubber are extruded in shorter sections.
The screw may perform twenty or more turns in the metering
section with a pitch approximately equal to the screw diame-
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ter. The rotation rate is typically on the order of one revolu-
tion per second. The clearance gap between the flight and
the barrel wall is typically small. Loss of efficiency may
result from leakage through the flight gap, or from back-pres-
sure resulting from the constriction at the die which inhibits
the free ejection of the melt. A positive pressure gradient
established along the screw forces material back toward the
feeder, opposing the forward motion generated by the rota-
tion.

Seemingly, the first analytical study of flow in a screw ex-
truder was undertaken in 1928 by Rowell and Finlayson4

working under the auspices of lubrication theory, as reviewed
by Carley and Strub.5 Much later, Booy6 presented a detailed
analysis of the melting zone. In more recent theoretical stud-
ies of the metering zone, the helical flow domain is unrav-
eled to furnish the simpler problem of flow in an angled
channel. A moving conveyor belt underneath implements the
effect of rotation. A classical analysis along these lines was
performed by Stevens and Covas1 who demonstrate that the
resulting flow pattern resembles that seen in earlier experi-
ments of a real screw flow by Eccher and Valentinotti.7

Working in this framework, Kim and Kwon8,9 developed a
‘‘chaos screw’’ with a view to enhancing mixing via chaotic
advection. The key idea is to insert barriers into the unrav-
eled channel flow so as to introduce a hyperbolic node in the
cross-sectional streamline pattern. Using both an experimen-
tal and a numerical approach, the authors showed barriers
significantly enhance the mixing properties. Experiments on
the mixing flow occurring in the chaos screw were performed
by Hwang, Jun and Kwon.10 Ghoreishy and Nouri11 con-
ducted a finite element analysis of the single-extruder flow
when the helical domain is unraveled into a channel. Com-
mercially available finite element codes have been used by
others to produce results for screw geometries that closely
resemble those seen in the production line (for example,
O’Brien12). Although experimental data on flow through real
industrial screws have been collected by several authors (for
example, Weert et al.13), a fundamental analysis of the flow
in a real-life extruder geometry beyond modeling is currently
not available.

In this article, we investigate Stokes flow in the helical
metering section of a single-screw extruder, with a view to
describing the velocity-field around the screw and predicting
the flow rate through the barrel. Working with a realistic
metering geometry, we make the simplifying, but realistic
assumption that the pitch is sufficiently large in comparison
to the screw diameter, and perform a perturbation analysis.
The use of helical coordinates considerably simplifies the

analysis by allowing us to tackle an effectively two-dimen-
sional problem, where all flow variables are independent of
the helical streamwise coordinate. At each order of approxi-
mation, the resulting problem is solved by finite element
methods up to second-order in a properly defined pitch pa-
rameter. Despite the simplification of large pitch, recent
work by Pozrikidis14 on flow through twisting pipes suggests
that the predictions obtained via this method can be expected
to provide a good approximation to the flow for pitches as
low as one and half times the screw diameter. Consequently,
our calculations should provide valuable insights into a real-
istic screw flow. In the Problem Formulation section, we
define the problem and conduct the perturbation analysis. In
the Results section we study a realistic screw geometry and
provide values for the flow rate. In the Discussion section,
we summarize our findings.

Problem Formulation

We consider helically symmetric Stokes flow through the
metering section of a single-screw extruder. The extruder is
modeled as a straight circular pipe of radius b filled with a
viscous liquid that is stirred by a rotating coaxial helical
screw of core radius a, possibly in the presence of an axial
pressure gradient. The cross-section of the screw is shown in
Figure 2a together with the working system of global Carte-
sian coordinates. Values for the core radius a, height h, width
d, and angle g of the screw flight will be chosen to corre-
spond to an industrial screw extruder. The helical geometry
arises by twisting the screw cross-section at a particular loca-
tion by an angle that depends linearly on the axial distance
x. The pitch, L, is equal to the axial distance required for the
cross-section to perform one complete revolution. A typical
right-handed screw is shown in Figure 3a, for pitch L/a ¼
46.5, where the counter-clockwise rotation is indicated by
the direction of the arrows. In the absence of an opposing
pressure gradient, the counterclockwise rotation of a right-
handed screw drives a mean axial flow in the positive direc-
tion of the x axis.

Figure 2. (a) Illustration of the screw cross-section
with respect to the global Cartesian coordi-
nate system (x, y, z), (the azimuthal angle u,
measures rotation around the x axis, as
shown); (b) cross-section of the screw in a
plane passing through the x axis showing
the width of the unraveled channel, w, and
the helical pitch angle, h.

Figure 1. Single-screw extruder showing the melting
section and the metering zone.
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It is convenient to work in the nonorthogonal system of
helical coordinates (ŝ; ĵ, x̂ ) illustrated in Figure 4, defined
in relation to the cylindrical polar coordinates (s, j, x) as

ŝ ¼ s; ĵ ¼ j� ax; x̂ ¼ x (1)

where a : 2p/L is the wave number defined with respect to
the pitch. The helical coordinates are related to the Cartesian
coordinates by the relations

x ¼ x̂; y ¼ ŝ cosðĵþ ax̂Þ; z ¼ ŝ sinðĵþ ax̂Þ (2)

In the adopted helical coordinate system, the fluid velocity is
expressed as

u ¼ uŝeŝ þ uĵeĵ þ ux̂ex̂ (3)

where the helical unit vectors are given by eŝ ¼ es, eĵ ¼ ej,
and ex̂ ¼ 1

H ðex þ asejÞ; H ¼ (1 þ a2s2)1/2, and es, ej, and
ex are the unit vectors of the cylindrical polar coordinates.
The helical velocity components are related to the cylindrical
polar components by

uŝ ¼ us; uĵ ¼ uj � asux; ux̂ ¼ Hux (4)

We assume that the rotating screw produces a helically
symmetric flow with no variation of the velocity components
in the helical direction indicated by the vector ex̂ ; for exam-
ple, ex̂ � ruŝ � 0. In addition, we allow for a helically sym-
metric axial pressure gradient

� qp
qx̂

� �
ŝ;ĵ

� G (5)

Of particular interest is the axial-flow rate,

Q ¼
ZZ

S

ux ŝ dŝ dĵ (6)

where S is a planar surface normal to the x axis subtended
between the screw and the barrel wall.

The equations of steady Stokes flow in helical coordinates
were written by Tung and Laurence,17 and are repeated here for
ready reference in slightly altered form. The ŝ component reads

1

m
qp
qŝ

¼ q
qŝ

1

ŝ
q
qŝ

ðŝ uŝÞ
� �

þ 1

ŝ2
q2uŝ
qĵ2

� 2

ŝ2
quĵ
qĵ

þ a Fŝ (7)

where

Fŝ � a
q2uŝ
qĵ2

� 2

ŝ
qux
qĵ

(8)

the ĵ component reads

1

m
1

ŝ
qp
qĵ

¼ q
qŝ

1

ŝ
q
qŝ

ðŝuĵÞ
� �

þ 1

ŝ2
q2uĵ
qĵ2

þ 2

ŝ2
quŝ
qĵ

þ a Fĵ (9)

where

Fĵ ¼ a
q2uĵ
qĵ2

þ 2
qux
qŝ

� 1

m
ŝ Gþ a

qp
qĵ

� �
(10)

and the x̂ component reads

� G

m
¼ 1

ŝ
q
qŝ

ŝ
qux
qŝ

� �
þ 1

ŝ2
q2ux
qĵ2

þ a Fx̂ (11)

Figure 3. (a) A righthanded single-screw with pitch L/a
5 46.5; (b) typical first descendant finite-
element discretization of the extruder cross-
section at x 5 0.

The contour of the screw itself is shown as a heavy line.

Figure 4. Definition of helical coordinates (x̂,ŝ, ŵ), in re-
lation to the global Cartesian coordinates
and polar cylindrical coordinates (x,s,w).
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where

Fx̂ � a
q2ux
qĵ2

þ 1

m
qp
qĵ

(12)

The continuity equation requires

quŝ
qŝ

þ uŝ
ŝ
þ 1

ŝ
quĵ
qĵ

¼ 0 (13)

We proceed by assuming that the pitch is long compared to
the barrel radius, and perform a perturbation analysis to deter-
mine the solution at successive orders of approximation for a
small dimensionless parameter b: ab¼ 2pb/L.

Pressure-driven flow

In the case of pressure-driven flow with a stationary screw,

O ¼ 0, G = 0, we follow a recent analysis for flow through

a twisted tube,14 and write the asymptotic expansion

uŝ ¼ b u
ð1Þ
ŝ þ b2 uð2Þŝ þ � � � ; uĵ ¼ b u

ð1Þ
ĵ þ b2 uð2Þĵ þ � � �

ux ¼ uð0Þx þ b uð1Þx þ b2 uð2Þx þ � � � ;
p ¼ pð0Þþ bpð1Þ þ b2 pð2Þ þ � � � ð14Þ

Using the second equation in (4), we find that the physical
azimuthal velocity component is given by the perturbation
expansion

uj ¼ uĵ þ b
ŝ
a
ux ¼ b u

ð1Þ
ĵ þ ŝ

a
uð0Þx

� �

þ b2 u
ð2Þ
ĵ þ ŝ

a
uð1Þx

� �
þ � � � ð15Þ

All velocities are required to be zero around the tube
contour.

The zero-order axial-velocity field satisfies the equations of
unidirectional tube flowwith a linear-pressure field, p(0)¼�Gx̂,

r̂2uð0Þx ¼ �G

m
(16)

where r̂2 ¼ q2=qŷ2 þ q2=qẑ2 is the Laplacian in the ŷ ẑ plane,
defined such that ŷ ¼ ŝ cos ĵ and ẑ ¼ ŝ sin ĵ.

The first-order field satisfies the equations

1

m
qpð1Þ

qŝ
¼ q

qŝ
1

ŝ
q
qŝ

ŝ u
ð1Þ
ŝ

� �� �
þ 1

ŝ2
q2uð1Þŝ

qĵ2
� 2

ŝ2
quð1Þĵ

qĵ

� 2

a ŝ
quð0Þx

qĵ
ð17Þ

1

m
1

ŝ
qpð1Þ

qĵ
¼ q

qŝ
1

ŝ
q
qŝ

ŝ u
ð1Þ
ĵ

� �� �
þ 1

ŝ2
q2uð1Þĵ

qĵ2

þ 2

ŝ2
quð1Þŝ

qĵ
þ 2

a

quð0Þx

qŝ
� ŝG

ma
ð18Þ

complemented by the continuity equation

1

ŝ
qðŝuð1Þŝ Þ

qŝ
þ quð1Þĵ

qĵ

 !
¼ 0 (20)

The solution of (Eq. 19) is ux
(1) ¼ 0, which shows that the

first-order velocity contributes neither to the axial flow nor to

the axial flow rate. In Cartesian coordinates (ŷ, ẑ ), Eqs. 17
and 18 describing flow in a plane that is perpendicular to the

x axis combine into the forced Stokes equation

r̂pð1Þ ¼ mr̂2ûð1Þ þ b (21)where

b ¼ m ex � 2

a
r̂uð0Þx � ŝG

a
eĵ (22)

is the body force, ex is the unit vector along the x axis,
eĵ ¼ ð�ẑ=ŝ; ŷ=ŝÞ is the unit vector along the ĵ axis, û(1) ¼
(û

(1)
ŷ , ûẑ

(1)), and r̂ ¼ ðq=qŷ; q=qẑÞ is the gradient in the ŷ ẑ
plane.

Explicitly

b ¼ 2m
a

�quð0Þx =qẑ

quð0Þx =qŷ

" #
� G

a

�ẑ
ŷ

� �
(23)

The continuity equation requires

r̂ � ûð1Þ ¼ 0 (24)

Equations 21 and 24 describe a forced Stokes flow problem
over the tube cross-section, where the body-force term
depends on the velocity gradient of the zeroth-order unidirec-
tional flow.

The second-order axial velocity satisfies the Poisson equation

r̂2uð2Þx þ 1

a2
q2uð0Þx

qĵ2
þ 1

ma
qpð1Þ

qĵ
¼ 0 (25)

which can be restated in the computationally preferred form

r̂2uð2Þx � G

m
ŝ2

a2
� ŝ
a2

q
qŝ

ŝ
quð0Þx

qŝ

� �
þ 1

ma
eĵ � rpð1Þ ¼ 0 (26)

In the absence of rotation, there is a contribution to the
flow rate at leading and second order but not at first order,
yielding the asymptotic expansion

QP ¼ Gpb4

8m
q
ð0Þ
P þ b2 qð2ÞP þ � � �

h i
(27)

In the next section, we shall tabulate the computed dimen-
sionless flow rate coefficients qP

(0) and qP
(2).

The zeroth- and second-order problems were solved using
a finite element method for unidirectional flow governed by
the Poisson equation, and the second-order problem was
solved using a finite element method for 2-D Stokes flow.15

To implement the method for the screw geometry, we man-
ually discretize the cross-section into a network of seventeen
six-node triangular elements, each with a node at every ver-
tex and a midnode lying midway along each edge. Refine-
ment of this parental grid is achieved by successive subdivi-
sion of the network into a nested sequence of subtriangles;r̂2uð1Þx ¼ 0 ð19Þ
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an example corresponding to one subdivisional step from the
parental structure is shown in Figure 3b. The slight distortion
of the individual triangular elements is due to the projection
of the mid-nodes along the element edges representing the
circular body of the screw onto ŝ ¼ a. In the case of the
Poisson equation governing the zeroth- and second-order
flow, the unknown streamwise velocity is approximated with
a quadratic function over each element. In the case of Stokes
flow, each velocity component is approximated with a quad-
ratic function and the pressure is approximated with a con-
stant function over each element.

Rotation-driven flow

To study the flow generated by the rotation of the screw,
we set G ¼ 0 and expand the flow variables as

uŝ ¼ u
ð0Þ
ŝ þ buð1Þŝ þ b2uð2Þŝ þ � � � ; uĵ ¼ u

ð0Þ
ĵ þ buð1Þĵ þ b2 uð2Þĵ þ� � �

ux ¼ b uð1Þx þ b2 uð2Þx þ � � � ; p ¼ pð0Þ þ b pð1Þ þ b2 pð2Þ þ � � �
(28)

Under the assumption of helical symmetry, all functions in
these expansions are independent of x̂. According to Eq. 4,
the physical azimuthal velocity component is expanded as

uj ¼ u
ð0Þ
ĵ þ b u

ð1Þ
ĵ þ b2 u

ð2Þ
ĵ þ ŝuð1Þx

b

� �
þ � � � : (29)

Substituting these expansions in the governing Eqs. 7–13, we
obtain at leading order

�rpð0Þ þ mr2uð0Þ ¼ 0; r � uð0Þ ¼ 0 (30)

governing two-dimensional Stokes flow over the cross-section,
where uð0Þ ¼ u

ð0Þ
ŝ eŝ þ u

ð0Þ
ĵ eĵ. The boundary conditions require

u
ð0Þ
ŝ ¼ 0 and u

ð0Þ
ĵ ¼ ŝO on the screw, and u

ð0Þ
ŝ ¼ u

ð0Þ
ŝ ¼ 0 at

the barrel wall ŝ ¼ b, where O is the angular velocity of
rotation. At first-order O(b), we find u

ð1Þ
ŝ ¼ u

ð1Þ
ĵ ¼ 0 every-

where in the flow domain. The axial velocity satisfies the
Poisson equation

r2uð1Þx þ 1

bm
qpð0Þ

qĵ
¼ 0 (31)

subject to the boundary condition ux
(1) ¼ 0 both on the screw

and the barrel wall. The source term represented by the sec-
ond term on the left-hand side is known in numerical form
from the solution of the leading-order problem. At second-
order O(b2), we derive the forced Stokes flow problem

�rpð2Þ þ mr2uð2Þ þ b ¼ 0; r � uð2Þ ¼ 0 (32)

where uð2Þ ¼ u
ð2Þ
ŝ eŝ þ u

ð2Þ
ĵ eĵ, and the body force is given by

b ¼ m
b

"
1

b

q2uð0Þŝ

qĵ2
� 2

ŝ
quð1Þx

qĵ

 !
eŝ

þ 1

b

q2uð0Þĵ

qĵ2
þ 2

quð1Þx

qŝ
� ŝ
mb

qpð0Þ

qĵ

 !
eĵ

#
ð33Þ

which can be restated as

b ¼ m
b2

L2u
ð0Þ
ŝ eŝ þ m

b2
L2u

ð0Þ
ĵ eĵ þ mex � 2

b
r̂uð1Þx � ŝ

b2
Lpð0Þeĵ

(34)

where Luð0Þŝ � ð�ẑ; ŷÞ � r̂u
ð0Þ
ŝ . The boundary conditions

require u
ð2Þ
ŝ ¼ u

ð2Þ
ĵ ¼ 0 both on the screw and barrel wall.

Because the axial component ux
(2) is identically zero, there is

no contribution to the flow rate at this order. The expansion
for the flow rate may, therefore, be written as

QR ¼ Ob3b ½qR þ Oðb2Þ� (35)

where the dimensionless coefficient qR may be computed from
the solution of the first-order problem governed by Eq. 31. The
first three problems were solved using the finite-element meth-
ods discussed previously for pressure-driven flow.

Results

We shall present results for the two modular cases of pres-
sure-driven and rotation-driven flow, bearing in mind that
linearity allows us to superimpose the solutions.

Pressure-driven flow

In the case of pressure-driven flow with a stationary screw,
G = 0 and O ¼ 0. Figure 5 shows the profiles of the com-
puted zeroth-order unidirectional flow, and second-order axial
flow for a/b ¼ 0.5, w/a ¼ 1/3, g ¼ p/2, and h/b ¼ 0.4. The
second-order flow is directed toward the negative direction
of the x axis over the entire cross-section, except near the
gap where forward-flow occurs. Nevertheless, it is clear that

Figure 5. Pressure-driven flow: axial velocity profiles of
the (a) zeroth-order, and (b) second-order
flow for an extruder with a/b 5 0.5, w/a 5 1/
3, c 5 p/2, and h/b 5 0.4.

The velocity displayed has been reduced by Gb2/m.
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the second-order flow rate will be negative, reflecting an
overwhelming perturbation back-flow.

Table 1a lists the flow rate coefficients for g ¼ p/2, d/a
¼ 1/3, a/b ¼ 1/2, and varying flight size h, computed with
320 elements. The discretization level was increased until
results were obtained accurate to two or three decimal places,
as shown. The computations show that the leading-order flow
rate q(0), decreases as the gap between the flight and the wall
is reduced. In the case of pressure-driven flow through an an-
nular tube, the well-known analytical solution predicts16

qð0Þ ¼ ð1� d2Þ 1þ d2 þ 1� d2

log d

� �
(36)

where d ¼ a/b. The computed values for a non-zero h are
close to the prediction of this formula, shown in the first line
of Table 1a, even though the limit h ? 0 yields a circular
screw with a flattened top. Because the helical twist of the
screw lowers the flow rate for a fixed pressure gradient, the
coefficient qP

(2) is negative in all cases, resulting in addi-
tional energy requirements. Choosing g ¼ p/2, d/a ¼ 1/3,
and h/a ¼ 1/5 with reference to Figure 2, yields shapes simi-
lar to those encountered in industrial settings. Results for the
flow rate coefficients are presented in Table 1b for several
values of the radii ratio a/b. The calculations were performed
with 608 elements for a/b ¼ 0.4, 320 elements for a/b ¼ 0.5
and 0.6, and with 416 elements for a/b ¼ 0.7. The second-
order flow rate is negative in all cases, revealing back-flow.

When the gap between the flight and the outer cylinder is
small, e ^ 0, as the pitch is reduced, the flow along the quadri-
lateral grooves resembles pressure-driven flow through a two-
dimensional channel with height H ¼ b � a confined from
above and below by two parallel walls, and from left and right
by two-side walls slanted at the angle g. When g ¼ p/2, the
side walls are parallel yielding a rectangular geometry. With
reference to Figure 2b, the channel width is w ¼ d cos y, where
d ^ L � d tan y. Unraveling the channel, we find that the pitch
angle y is given by tan y ¼ L/(2pb); thus w ^ L cos y � d sin
y. Using the well-known Boussinesq series solution,16 we find
the predicted flow rate for pressure-driven channel flow

QPC ¼ GCwH
3

12m
F

w

H

� �
; FðxÞ ¼ 1� 6

x

X1
n¼1

tanhðanxÞ
a5n

(37)

where an ¼ (2n � 1)p/2 and GC ¼ G cosy is the pressure gradi-
ent along the groove (see, for example, Pozrikidis16). Figure 6a

illustrates the ratio between the flow rate predicted by the pres-
ent analysis, and that predicted by the channel flow model as
a function of the pitch L/b for the smallest gap considered
corresponding to width h/b ¼ 0.4. For large values of the
pitch, the asymptotic result is accurate, but the actual flow is
poorly represented by the channel flow (Eq. 37). The opposite
holds true for small pitch, and the best agreement should be
obtained somewhere between the two extremes, as is found in
the graph. In fact, the channel flow (Eq. 37) yields a best
approximation for the flow rate when L/b & 11.

Rotation-driven flow

Next, we turn our attention to flow generated by the screw
rotation in the absence of an applied axial-pressure gradient,
G ¼ 0 and O = 0. As in the case of pressure-driven flow,
we focus our attention on realistic parameter values. In Fig-
ure 7a, the flow rate coefficient qR is plotted against flight-
size for a/b ¼ 0.5, g ¼ p/2, and d ¼ a/3. Since qR is posi-
tive, the computations confirm that the counterclockwise
rotation drives a mean flow in the positive direction of the x
axis. As the reduced height h/b approaches zero, the screw
geometry resembles a rotating cylinder independent of the
pitch, and the downstream flow rate tends to vanish. On the
contrary, as the gap between the wall and the screw head
narrows down, the flow rate increases rapidly. Similar results
are obtained when the flight size is fixed and the screw ra-
dius is increased, as shown in Figure 7b. The calculations
become inaccurate for very small gaps outside the range
shown in the figures. When h/b ¼ 0, a discontinuity in the

Table 1. Flow rate Coefficients qP
(0)

and qP
(2)

for
Pressure-Driven flow in an Extruder with (a) c 5 p/2,

d 5 a/3, a/b 5 0.5 and Various Screw-head Heights, h/b.
(b) c5 p/2, d/a5 1/3, h/a5 1/5, and Various Radii Ratios a/b.

(a) (b)

h/b e qP
(0) qP

(2) a/b e qP
(0) qP

(2)

0.0 0.5 0.126 0.0 0.0 1.0 1.0 0.0
0.1 0.4 0.121 �0.003 0.4 0.52 0.198 �0.001
0.2 0.3 0.116 �0.016 0.5 0.40 0.121 �0.003
0.3 0.2 0.114 �0.041 0.6 0.28 0.065 �0.004
0.4 0.1 0.113 �0.07 0.7 0.16 0.029 �0.005

The dimensionless gap between the wall and the flight, e ¼ 1 � (h þ a)/b, is
shown in the second column.

Figure 6. Flow rate ratio (a) QP/QPC, and (b) QR/QRC

plotted against the dimensionless pitch L/b
for c 5 p/2, d 5 a/3, a/b 5 0.5, and h/b 5 0.4.
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velocity occurs at the sharp corner, yielding an unphysical
non-integrable stress that requires an infinite torque to sustain
the rotation. In a real-life screw extruder, the gap between
the flight and the wall tends to be very small, typically less
than 0.15% of the diameter (Stevens and Covas1). The results
shown in Figure 7 suggest that the flow rate will continue to
increase sharply as the gap is closed.

Figure 8 illustrates the physical zeroth-order velocity field
in an axial plane, and the first-order axial velocity profile for
a screw with g ¼ p/2, a/b ¼ 0.5, d/a ¼ 1/3 and h/a ¼ 0.2
and 0.4. The first-order axial velocity is positive over the
entire annular cross-section, except inside the small gap
where back flow occurs. On balance, the forward flow domi-
nates the backward flow and yields a positive flow rate. Fig-
ure 9 shows a close-up of the velocity field for a screw with
a/b ¼ 0.8, g ¼ p/2, h/b ¼ 0.15, and d ¼ 0.2, corresponding
to a barrel-flight clearance of 0.05b, computed with 416 ele-
ments. The field arrows are proportional in length to the
magnitude of the local-velocity vector. The flow is observed
in a frame of reference moving with the rotating screw so
that the barrel wall appears to be moving clockwise. In the
remainder of the domain, the flow field resembles rigid body
motion. At first-order, the velocity intensifies in magnitude
slightly as the fluid negotiates the gap above the flight. How-
ever, the second-order contribution opposes this motion and
slightly reduces the gap velocity.

When the gap between the flight and the outer cylinder is
small, e ^ 0, as the pitch is reduced, the flow along the
quadrilateral grooves resembles unidirectional flow through a
two-dimensional channel with clearance c ¼ b � a, and

width w ¼ L cos y � d sin y, driven by the translation of
the upper wall, as discussed previously for pressure-driven
flow. Rowell and Finlayson4,5 computed the flow rate as

QRC ¼ pO ð2aþ hÞ cos y w2 F
2c

w

� �
;

FðxÞ ¼
X1
n¼1

coshðanxÞ � 1

a3n sinhðanxÞ
: ð38Þ

Figure 6b illustrates the ratio between the flow rate pre-
dicted by the present analysis and that predicted by the channel
flow model as a function of the pitch L/b, for the smallest gap
considered corresponding to width h/b ¼ 0.4. The asymptotic
result is accurate for large pitch, while the channel flow result
(Eq. 38) is accurate for small pitch, so that good agreement
between the two is expected somewhere between the two
extremes. This is confirmed by the graph, which shows that the
channel flow rate gives a best approximation at L/b& 6.

Next, we investigate the flow kinematics by studying the
advection of point particles in this helical flow. Figure 10
depicts the various locations of four-point particles at different
times for one particular screw configuration. All panels show
the relative positions of the particles in a plane normal to the x
axis. At time Ot ¼ 0, the orientation of the screw is as shown,
and the particles lie at the four vertices of a small square, as
indicated in figure 10a. The separate panels show snapshots at

Figure 7. Flow rate qR, for c 5 p/2, d 5 a/3, and (a) a/b
5 0.5 with varying screw-head height h/b, or
(b) h 5 a/5 with varying a/b.

Figure 8. Rotation-driven flow for a screw with c 5 p/2,
a/b 5 0.5, d/a 5 1/3, computed with 608 finite
elements: (a, b) Leading-order physical veloc-
ity vector field in an axial plane, and first-
order axial velocity ux

(1), for h/a 5 0.2; (c, d)
their counterparts for h/a 5 0.4.

The leading-order flows are visualized in a frame of refer-
ence where the wall rotates around the screw.
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various times up to Ot ¼ 19.95 corresponding to Figure 10f;
by this time, the screw has undergone just over three full rota-
tions. The illustrations reveal that the relative positions of the
particles change markedly over the course of the flow. Note
that the diamond-shaped particle is caught by the screw-head
just after the time shown in Figure 10b and dragged for some
distance before being released, so accelerating it rapidly away
from the remaining particles. A movie generated using Matlab
showing the transit of the particles is available from the web-
site www.mth.uea.ac.uk/�h007.

It should be noted that at any given time, the particles
shown in figure 10(a–f) are located at different downstream
positions. This is demonstrated in figure 10g, where the
downstream location of each particle is shown at times corre-
sponding to Figure 10a–f. Near the beginning of the simula-
tion, the particles marked with a circle and a triangle travel a
short distance upstream before being carried downstream,
and this is repeated after regular intervals. The reason is ap-
parent from the first-order velocity field plotted in Figure 8,
where it is shown that the axial component ux

(1), is positive
over most of the flow-field except inside the gap between the

flight and the barrel wall where it is negative. When a parti-
cle enters the gap, it experiences a short period of upstream
motion before it is carried out of the gap and into the region
of positive axial flow.

Figure 11 shows 3-D particle paths in the fixed (x, y, z)
frame for three different values of the pitch parameter b.
The geometry of the screw is identical to that shown in Fig-
ure 10. The particles are convected with the flow from Ot ¼
0 to 9.95, which covers approximately 1.6 full rotations. The
small circles show the starting positions, and the crosses
show the end positions of particles on each of the three
curves. All particles start out at the point x ¼ 0, y ¼ 0.70,
z ¼ 0.06 at Ot ¼ 0. The solid line shows the path for b ¼
0.05, corresponding to the circular particle in Figure 10. The
lightly-dotted and heavily-dotted lines represent trajectories,
respectively, for b ¼ 0.25 and 0.45. The configuration for b
¼ 0.45 corresponds to the screw shown in Figure 3a.

Pozrikidis14 conducted a large-pitch perturbation analysis
for pressure-driven flow in a twisted tube, and found that the
second-order results are accurate roughly for wave lengths L
> p or b < 2. This suggests that the present results should
be well within the limitations of the asymptotic theory. Evi-

Figure 9. Physical velocity fields in an axial plane shown
near the flight of a screw extruder with a/b 5
0.8, c 5 p/2, h/b 5 0.15, and d/b 5 0.2.

(a) Leading-order field shown with the wall rotating around
the screw, and (b) second-order velocity field.

Figure 10. Point particles convected with the flow in a
plane normal to the x axis, with the screw
rotating in the counter-clockwise direction.

The relative positions of the particles are shown at times
(a) Ot ¼ 0, (b) 4.0, (c) 8.0, (d) 11.95, (e) 15.95, and (f)
19.95. Corresponding downstream positions are shown in
(g). The symbols correspond to the respective times shown
in that figure.
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dently, the larger the value of b, and the smaller the pitch,
the further particles are carried downstream over equal time
intervals. As noted earlier, particles travel a short distance
upstream before being convected downstream. The amount
of upstream carry decreases as the pitch gets larger.

Discussion

We have conducted a computational study of fluid flow in
a single-screw extruder. Working under the auspices of the
Stokes approximation, we have performed a perturbation
analysis on the assumption of large pitch compared to the
screw diameter. In the case of purely pressure-driven flow,
there is a contribution to the flow rate at both first and sec-
ond order. Following the analysis of Pozrikidis,14 we com-
puted both contributions by solving the individual problems
using finite element methods. The second-order contribution
is negative indicating that the effect of the screw pitch is to
lower the flow rate through the barrel. As the gap between
the barrel wall and the screw flight is closed, either by
increasing the core radius of the screw or by increasing the
size of the flight, the effect of the pitch becomes more pro-
nounced and the second-order flow rate deficit is raised.

In the case of pure rotation, the leading-order problem cor-
responds to two-dimensional Stokes flow in an axial plane.
The first contribution to the axial flow rate arises at first-
order and satisfies a Poisson equation with a source term de-
pendent on the leading-order pressure field. The second-order
problem equates to Stokes flow in an axial plane with a
source term dependent on the leading-order pressure field. If
the flight is removed, the problem reduces to that of annular
flow between rotating cylinders with circular streamlines.
Introducing the helical flight has a marked influence on the
trajectory of particles placed within the flow. Particles start-
ing in the same axial plane travel different distances down-
stream depending on their initial location within the plane.
They may become caught by the revolving flight and carried

far afield from their counterparts in a short time period. On
average, particles drift downstream, but they are also con-
vected upstream in short bursts due to the negative part of
the first-order axial velocity profile. Increasing the pitch
raises the downstream distance traveled by particles in a
given amount of time. As for pressure-driven flow, the axial
flow rate depends strongly on the gap between the flight and
the barrel wall. As the gap is reduced, either by increasing
the size of the flight or by increasing the core radius of the
screw, the axial flow rate increases.

In practice, a real screw extruder experiences both pure
rotation and a positive pressure gradient, tending to force fluid
back up the barrel towards the inlet. The combined effects of
rotation-driven and pressure-driven flow may be obtained
from the current results through linear superposition.
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Figure 11. Particle paths in the fixed (x, y, z) frame for
b 5 0.05 (solid line), 0.25 (light dots), and
0.45 (heavy dots) from Ot 5 0 up to 9.95.

The screw is rotating counter-clockwise about the x axis.
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